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Abstract. In this paper, we investigate the Martin boundary of a graded graph 
Z whose paths represent coherent sequences of permutations. This graph was 
introduced by Viennot and its boundary studied by Gnedin and Olshanski. We 
prove that the Martin boundary of this graph coincides with its minimal boundary. 
Then we relate paths on this graph with paths on the Young graph, and finally 
give a central limit theorem for the Plancherel measure on the paths of Z. 


1. Introduction 

The lattice Z of zigzag diagrams is a graded graph whose vertices of degree n 
are labelled by compositions of n (which can be seen as ribbon Young diagrams). 
The study of this kind of lattices drew increasing interests these last decades, due 
to their interactions with representations of semi-simple algebras and with discrete 
random walks. In particular an other example of graded graph, the Young lattice 3^, 
has been deeply studied by Vershik, Kerov and other authors (see HU for a review 
on the subject), yielding major breakthroughs on the representation theory of 
and on the asymptotic study of certain particle systems. As explained in [8j, the 
lattices Z and y are somehow related, since the latter can be seen as a projection 
of the former. 

The connection between the lattice structure and its probabilistic applications is 
made through the study of harmonic functions on the associated graph. One of the 
first tasks is therefore the characterization of harmonic functions on the lattice ; it 
is then possible to single out particular harmonic functions and study the random 
variables they generate. A general framework for the representation of harmonic 
functions on a graph E was initiated by Martin in [15J with the concept of Martin 
boundary 8mE and minimal boundary 8E m[n : the Martin boundary is a topological 
space associated to the graph that allows to establish a bijection between positive 
harmonic functions and measures whose support is included in a particular subset 
of 8mE. The latter subset is precisely the minimal boundary 8E min . It is there¬ 
fore important to know both 8mE and 8E min to provide a topological and measure 
theoretic approach to the kernel representation of harmonic functions (see [ij for an 
exhaustive review on the subject). 

In general 8E m - m is strictly included in 8mE. However in many cases the two coin¬ 
cide, as it happens for example for the lattice y. In this paper we prove that the 
two boundaries also coincide for the lattice Z. The minimal boundary of Z has 
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already been described by Gnedin and Olshanski in[8], through the so-called ori¬ 
ented paintbox construction, and thus it remains to prove that any element of the 
Martin boundary fits in this construction. As an application we provide a precise 
link between harmonic measures on y and harmonic measures on Z\ this link was 
already exposed in [8], and in the present article we explain this relation by mapping 
directly paths on Z to paths on y. Finally we study the behavior of a random path 
with respect to the Plancherel measure by providing a Central Limit Theorem. 
Section 2 and 3 are devoted to preliminaries : the first gives necessary backgounds 
on Martin boundary, and the second describes the graph Z together with its link 
with compositions. The results of Gnedin and Olshanski on this graph are given in 
Section 4. In this section we provide also the pattern of the proof for the identifica¬ 
tion of the Martin boundary. 

The proof heavily relies on combinatorics of compositions. In particular the Martin 
kernel of Z , a two parameters function that characterizes the Martin boundary, is 
related to standard fillings of compositions. Two constructions are needed in order 
to identify the Martin boundary: Section 5 deals with the first one, which is the 
construction of a sequence of random variables that relates the Martin kernel to 
the oriented Paintbox construction of Gnedin and Olshanski. The second one has 
been done in [Tj9] and is a general framework that gives combinatoric estimates on 
compositions. Some results of [T9] are recalled in Section 6. Section 7 and 8 show 
the identification of the Martin boundary. Finally Section 9 gives the map between 
paths on Z and paths on y and exposes probabilistic results associated to a particu¬ 
lar point of the Martin boundary, called the Plancherel measure (due to its relations 
with the Plancherel measure on the graph y). 

We should stress that the map between the paths on the two graphs appears clearly 
by using the algebra FQSym of Free Quasi-Symmetric functions; although this al¬ 
gebra won’t be explained in this paper, the interested reader should refer to the 
Chapter 3 of [5] for an introduction to FQSym and an explanation of the construc¬ 
tion we are doing in Section 9.2 of the present paper. 

2. Graded graphs and Martin boundary 

This section is a discussion that introduces the concept of Martin boundary and 
motivates its role in the framework of graded graphs. All these results and proofs 
can be found in [4]. 

2.1. Graded graphs and random walk. The notations used here are from [T8j . 
A rooted graded graph Q is the data of a triple (V, p, E ) where : 

• V is a denumerable set of vertices with a distinguished element po. 

• p : V —> N is a rank function with p _1 ({0}) = {po}- 

• The adjacency matrix E is a V x F-matrix with entries in {0,1}, such that 
E(p, u) is zero if p{v) ^ p(/i) + 1. 
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We write p /* v if P(p, v) — 1. A path on Q is sequence of vertices (pi,..., p n ,...) 
of increasing degree such that for all i > 1, pj /*■ p l+ \. For a given graded graph 
the paths counting function d : V —> N* is the function that gives for each vertex 
p € Q the number of paths between p 0 and I 1 - When the endpoints of a path are 
not specified, the path is considered as an infinite path starting at the root. 

There is a natural way of constructing random walks that respect the structure of 
the graph Q : such a random walk starts at po, and at each step the successor is 
chosen according to a transition matrix P, with the condition that P(p, v) — 0 if 
E (p, v)= 0 and P(p, u) = 1. 

Thus each transition matrix P associates to any path A = (p 0 /* hi''' Pn) a 
weight p\ which is the probability of the realization of A, namely 

P\ IP (Wo pcb W} /^1 j • • • j W n Pn) ^P(/^ 0) AT ) • • • P(hn—1; pn ) • 

For some transition matrices P on (?, the weight p(A) only depends on the final vertex 
of the path (in this case we write p(A) = p(p) for any path A between p 0 and p); 
such a transition matrix is called an harmonic matrix. In this case, a staightforward 
computation shows that p, the associated weight function, must verify 


( 1 ) 


p(p) = 

fi/'u 


and conversely, any positive solution p of fill) such that p(po) = 1 yields an harmonic 
matrix. This can be interpreted in terms of potential theory. 

Let X be a denumerable states space with transition matrix P. Let H(X, P) + (resp. 
M(X, P)) denote the set of positive harmonic functions (resp. positive harmonic 
measures), which is the set of functions / : X —> M + satisfying ^ P(x, y)f(y) = 
f(x) (resp. f( x )P( x -> y) = f(y))- For each a E M(X,P ) let the dual transition 
matrix P^ be defined by the expression 

Pa( X >y) = !a(x )^0 ^7T%l), 

a(x) 

if x j- y, and P t (x,x) = 1 — -F*(x, p). Then P^ is indeed a transition matrix 

on X and the following maps are well-defined: 


j H(X,P)+ -*■ M(X,PJ 

“ \ h >-> (x i-> l„(*» 035 jft(a:)) ’ 

and 

M (M(X, P) -*■ tf(V,P‘) + 

“ ’ m (x a{x)m{x)) ‘ 

The two maps are bijective if ct > 0 on W. 

Let P be a transition matrix on a graded graph by a recursive computation there 
exists a unique invariant measure ap with respect to P such that ap(p 0 ) = 1. If P p is 
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an harmonic matrix, with p the associated weight function, then P(p, v) 
and a p = d(n)p(n). Thus the dual transition matrix is 


= 1 


p(u) 




d{p)p(p) p(u) 
' d{v)p(v) p(p) 


= 1 




d(n) 

d(v)‘ 


In particular P£ is independent of p and, by H ap , any harmonic function of P comes 
from an invariant measure of P l . Conversely let a be an invariant measure of P f . 
Then the dual matrix (P*)^, is exactly P Q / C [, the harmonic matrix associated to the 
weight function p = a/d. We can check that the duality yields indeed a Injection 
between harmonic matrices of Q and elements of M(Q , P l ) taking the value 1 on po- 
Thus the problem of finding the harmonic matrices on Q is equivalent to the dual 
problem of finding harmonic measures with respect to P f . Moreover an answer to 
the latter problem gives also by duality all the harmonic functions with respect to 
an harmonic matrix. 

Fortunately a general framework, the Martin entrance boundary, describes exactly 
the harmonic measures associated to a transition matrix. 


2.2. Martin entrance boundary. Let us take a closer look at the Markov chain 
(CqP*). Let no > 1 and v a vertex of degree no- The random walk A" = (A" n ) n > 0 
with transition matrix P* and initial distribution 5 U goes backward from v to po and 
stops at po at the times no- Let A be a path between p 0 and p; from the definition 
of the kernel P l , the probability that X follows the path A is independent of A and 
is therefore -d—. 

d{u) 

For p of degree m < no, denote by d(p, v) the number of paths between p and v 
(and by extension d(p, v) = 0 if the degree of p is larger than the one of v). By 
counting the paths going from p 0 to v and passing through p, the probability that 
X no - m = p is thus 

_.A_ d (P) d (P > v ) 

P(w no _ m - p) - d{v) ■ 

In particular setting a v (p) = yields a measure a u that is harmonic with 

respect to P*, except on the vertex v. To construct actual harmonic measures, it 
seems thus natural to look at the behavior of ay when u —>■ oo. Making the latter 
rigorous requires to specify a convergence mode for sequences of vertices of increasing 
degree. Let K p (n) = be the Martin kernel of Q, and define on Q the metric : 

PK, v 2 ) = ^yl J W( z/ i) - K »( u 2)\, 

T being any injective function V —> N. Through this metric, V is seen as a subset 
of the space of functions from V to [0,1] with the pointwise convergence topology. 
Thus by Tychonoff’s Theorem the completion V of V with respect to D is a compact 
space, and by construction K p extends continuously on this completion. Actually 
the completion is exactly the set of sequences (z/ n ) n >i such that for each p, K p (v n ) 
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converges, with two sequences (r^)n> 1 , (Vn)n>i being identified whenever for each 
/i, Kp (zd ) and K^fvf,) have the same limit. 

Denote by 8mQ the set V \ V. The latter is called the Martin entrance boundary 
of the graded graph Q and is a compact subset of V. Each element uj = lim u n in 

n—> oo 

8mQ defines a function on V by the formula 

cj(/i) = lim K^iyn). 

The following Theorem is a special case of a Theorem from Doob (pE|). 

Theorem 1. With the notations above, the two following results hold: 

• There exists a Borel subset d m \ n Q C &mG (called minimal boundary) such 
that for any measure a harmonic with respect to P t , there exists a unique 
measure X a on d min G giving the kernel representation 

Oi(p) = / K ll (x)dX a (x). 

ddminS 

• For any reverse random walk (X n ) n < 0 that respects P f , the path (X 0 , X_i, ...) 
converges almost surely to a d m \„ G—valued random variable X_ 00 . Moreover 
the probability that ( X n ) n < 0 goes through fi is exactly d(/i)E(/t M (X_ 00 )). 

There exists a more general construction of the Martin boundary from Kunita 
and Watanabe in [H] , which encompasses the case of discrete random walks as well 
as more general Markov processes (including the Brownian motion on a domain). 
However our situation is much simpler and the previous Theorem is enough. 

To summarize, the Martin entrance boundary gives a topological framework to rep¬ 
resent harmonic measures, whereas the minimal entrance boundary gives the cor¬ 
responding measure theoretic framework. The situation is simpler when the two 
boundaries coincide. In the case of the graph Z that we are studying, the mini¬ 
mal entrance boundary was already described by Gnedin and Olshanski in |8j. The 
purpose of the present paper is to extend this desciption to the Martin entrance 
boundary by proving that the two boundary coincide. 

3. The graph Z 

This section is devoted to an introduction to the graph Z and its relation with 
sequences of permutations. 

3.1. Compositions. Let us first recall the definition of a composition: 

Definition 1. Let n G N. A composition X of n, written X h n, is a sequence of 
positive integers (Ai,..., A r ) such that Y) Xj = n. 

Let D\ be the subset of [1; n ] defined by D\ = { Ai, Ai + A 2 , ..., A*}. Since 

there is a bijection between subsets of [1; n — 1] and compositions of n, D\ is often 
simply denoted by A. 

To a composition is also associated a unique ribbon Young diagram with n cells: 
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each row j has A j cells, and the first cell of the row j + 1 is just below the last cell 
of the row j. For example the composition (3, 2,4,1) of 10 is represented in Figure 

m 


Figure 1. Skew Young tableau associated to the composition A = (3,2,4,1). 

The size n is included in the definition of composition itself, since n is equal to the 
sum of all Xj. If we want to emphasize the size of a compostion A, we denote it as 
| A |. When nothing is specified, A is always assumed to have the size n, and n always 
denotes the size of the composition A. 

A standard filling of a composition A of size n is a standard filling of the associated 
ribbon Young diagram: it is the assignement of an integer from 1 to n to each 
cell of the composition, such that every cells have different entries, and the entries 
are increasing to the right along the rows and decreasing to the bottom along the 
columns. An example for the composition of Figure |T] is shown in Figure [2] 


3 

5 

00 




4 

7 




1 

6 

9 

10 



2 


Figure 2. Standard filling of the composition (3,2,4,1). 

In particular, reading the tableau from left to right and from top to bottom gives for 
each standard filling a permutation a; moreover the descent set des(cr) of a, namely 
the set of indices i such that a(i+ 1) < cr(i), is exactly the set D\. There is a bijection 
between the standard fillings of A and the permutations of |A| with descent set D\. 
For example the Filing in Figure [2] yields the permutation (3, 5, 8,4, 7,1, 6, 9,10, 2). 

3.2. The graph Z. The graded graph Z , which was introduced by Viennot in (22] . 
is defined as follows: 

(1) The set Z n of vertices of degree n of Z is the set of compositions of n. The 
vertex of degree 0 is denoted 0. 

(2) Let A = (Ai,..., A r ) and /r = (/ii,..., /i s ) be two compositions. There is an 
edge between /r and A if and only if |A| = \n\ + 1 and 

• either r = s and for each i except one /u = A j (thus exactly one is 
increased by one) 
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• either r = s + 1, and there exists j such that: for k < j, A& = /ik, 
A j + Aj + i — 1 = jij, and for k > j, A^+i = /i* ; (namely one /i* is split, 
and one cell is added at the end of the first piece). 

The first four levels of Z are displayed in Figure |3j 




Z\ 


Z2 Z% 



Figure 3. Vertices of Z of degree 0 to 3. 


For a composition A, let L2 a be the set of paths between 0 and A. It has been 
shown in [22] that L2 a — {& £ S'iai, des(cr) = D\}. One way to see this is to remark 
that Oa is the set of all standard Filings of the ribbon diagram associated to A. Thus 
these sets have same cardinality and 


d( A) = |0 A | = #{a G S| A |, des(cr) = D\}. 


Let Pa denote the uniform distribution on Oa! from Section 2, this is equivalent to 
considering the random walk starting at A with transition matrix PL This random 
walk gives n random variables cq), 1 < k < n, each of them being the random path 
restricted to the vertices of degree smaller than k. 

Since there is a bijection between paths on Z from 0 to /i and permutations of 
\fi\ with descent set D each cr£ is a random permutation in Sk, and the law of 
°a = a n i s the uniform distribution on the set of permutations with descent set D\. 
Moreover a counting argument yields that for a G with des(cr) = D fli , under the 
probability Pa, 


Pa(^ = &) = 

By abuse of notation a finite path starting at 0 on Z and the corresponding permu¬ 
tation are both usually denoted by a. In particular if a e L2 a, &k denotes the path 
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after k steps, whereas a(i) will denote the image of i by the permutation associated 
to a (the same for a {A) with A a subset of {1,, n }). 


3.3. Arrangement on N. In this paragraph a permutation cr G & k is written as 
a word in the alphabet {1,..., k}, where i 3 = cr(j). For k > 2 and a = (i±... ik), 
ctj, G &k-i is defined as the permutation (ii.. ... ik). If a G G n , a± k denotes the 

(n — k )—iteration of the ^-operation : namely all the indices between k + 1 and n 
have been erased. 

An arrangement of N is a sequence (cr 1; ..., cr fc ,...) such that for all k> 1, cr fc G & k , 
and such that the following compatibility condition holds : 

{&k)l = &k- 1- 

For example the following sequence is the first part of an arrangement : 

((1), (21), (231), (2341), (52341),...). 

The set of all arrangements is denoted A. For k > 1, let TTk ■ A —» &k be the 
application which consists in the projection of the sequence (<Ti, cr 2 ,...) on the k —th 
element cr fe . A is considered with the initial topology with respect to the applications 
Hk, and with the corresponding borelian a—algebra. Thus by the Kolmogorov’s 
extension Theorem, any random variable II on A is uniquely determined by the law 
of its finite-dimensional projections (7Ti(II),..., 7r fc (II)). 

The result of the previous subsection yields that there is a bijection between infinite 
paths on Z and arrangements of N, and from Section 2 this bijection extends to a 
bijection between harmonic measures a with respect to P f and random arrangements 
II such that 

P( 7r i(n) = <7i,...,7Tfc(n) = cr fc ) =p(des(a k )), 

with p a positive function on Z given by p = (|. This correspondance is convenient 
since it allows to describe the solutions of the problem (JT[) in terms of random ar¬ 
rangements. 


4. Paintbox construction and Minimal boundary 

Thanks to the latter correspondance, Gnedin and Olshanski described the minimal 
entrance boundary of Z in terms of random arrangements. This description is the 
purpose of the following paragraph. 

4.1. Paintbox construction. The description is based on a topological space con¬ 
sisting in pairs of disjoint open sets of [0,1] : 

Definition 2. The topological space U ^ is the space 

({(U^,Ui)\U^ and disjoint open sets of] 0, l[},d), 
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with the distance d between (U^, Ufi) and ( 14 , Vfi) given by 

d((u tl u±), (y t , Vi)) = sup {d Haus (u^ p t c ), d Haus (ui vf)). 

Let Mi (U 1 ' 2 ' 1 ) denote the set of probability measures with respect to the a—algebra 
coming from the above topology. 

From the definition of the metric, converges to (Vj-,V|,)) if and 

only if for each e > 0: 

• for j large enough, the number of connected components of size larger than 
e in U-\ and Vj- are the same, 

• the boundaries of the connected components of size larger than e in con¬ 
verge to the ones of 

• the same holds by switching f and f. 

In particular converges to (0,0) if and only if the size of the largest 

components in Uj(jj) and U±{j) tends to 0. The following important result holds for 
U (2 h. 

Proposition 1. U^ is compact space. 

The minimal entrance boundary of Z is described by random arrangements con¬ 
structed from elements of 

Definition 3. Let U = (U^, Ufi) be fixed, (X 1; ..., X kl ...) a sequence of [0,1]. For 
each k > 1, <jjj(Xi ,..., X k ) £ G k is defined by the following rule: 

(au{X l, ..., A *,)) -1 ( i ) is less than (cru(Xi, ..., X k )) 1 ( j ) if and only if one of the 
three following situations arises : 

• Xi and Xj are not in the same connected component of or and Xi < Xj 

• Xi and Xj are in the same connected component of Uj and i < j 

• Xi and Xj are in the same connected component of Uf and j < i. 

The random variable au(Xi ,..., X k ) defined for an infinite family (A 1; ..., X k ,...) 

of independent uniform variables on [0,1] is denoted ajjik). The sequence 
(<7j/(l), ct(/(2), ...) is denoted au- 

The construction of <Jjj{X i,...,X k ) from (Ai,...,Afc) and U £ is well- 
defined and unique. If U — (0,0), i,...,X k ) is just the permutation as¬ 

sociated to the reordering (X n < X l2 < .. .X ik ). This permutation is denoted by 
Std~ 1 (X i ,... ,X k ). For each k, the random variable a^^fik) has a uniform distri¬ 
bution on & k . 

The next Theorem is due to Gnedin and Olshanski in [8] (based on an important 
work of Jacka and Warren in [ID]) and identify U^ with the minimal entrance 
boundary of the graded graph Z : 

Theorem 2. Each random variable cru defines a random arrangement A that comes 
from an harmonic probability measure on (ZjP*), and there is an isomorphism : 
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which restricts to a bijective map p : U (2 ^ —* d m[n Z mapping 5q 7 [/■) to crpu^u^)- 

In particular for each k > 1 and a £ ©&, P(cr[/(/c) = cr) only depends on the 
descent set p of a and is thus denoted by pu(h)- 

4.2. Martin entrance boundary of Z. The question is to know if dm\ n Z = BmZ. 
The problem is summed up in Conjecture 45 of |[ 8 ]J. To each composition A of n is 
associated an element U\ = (C/p (A), C/p (A)) of U ^ as follows : for each s < n — 1 set 
A = [^Ey, ^zt], and define 

U^(X)=int( [J I a ),Ui(\)=int( (J I s ), 

i^des(X) i£des( A) 

with int denoting the interior of a set. Then the conjecture states the following : 

Conjecture 1. a) A sequence (A n ) n >i is in 8 mZ if and only ifU\ n converges 

in U . 

b) U Xn -A w(2 ) (C/p, C/p) is equivalent to X n ) -A P(u^,u x ){p) for all p <E Z. 

c) The Martin boundary of the graph Z actually coincides with its minimal 
boundary : BmZ = CC 2) 

Actually, the only difficult part is to prove the first implication of b ): 

(3) {U\ n —bv( 2 ) (^t> U±)) ==> (Vp £ Z, K^(X n ) —>• P(Uf,i 7j.)(h))- 

Indeed suppose that the latter is true : 

Proof. a) Let lu = (A„.) n >i be in &mZ. Since U^ is compact, proving the 
convergence of U\ n in CC 2 ^ is the same as proving that every convergent 
subsequences of U\ n have the same limit. Let (A 0 ( n ))„,>i and (A^( n )) n >i be 
such that 

Then by (J3J), for all /j £ Z. uj(g) = Pu^u^ih) and w(/i) = Pufhf (/)• Since 
p : U {2) —V d min Z is injective, necessarily (UTUf) = (U 2 ,U 2 ). This shows 
that U\ n converges. 

Conversely if U\ n converges in U^ 2 \ the assumption (J3]) implies directly that 
(A n ) £ 8mZ. 

b) The direct implication is exactly (]3]) ; for the converse implication, the con¬ 
vergence of Kfj,(X n ) for all p £ Z implies that (/„)„>! £ BmZ. Thus from 
a), U\ n converges in C/ (2) . By injectivity of p, U\ n converges to (C/p, C/p). 

c) This is the summary of 1) and 2). 

□ 

The following sections are devoted to the proof of the implication (J3]), which 
implies Conjecture |T] : 
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Theorem 3. Let X n be a sequence of compositions such that \ n b n. IfU\ n converges 
to (U^, Uf), then for all fi G Z, 

PiUfV^ip)- 

The proof of this theorem is based on the construction, for each composition A, 
of a family of random variables, that mimics the kernel A /t (A). The construction 
of this family is done in the next section. Theorem [3] is then deduced from the 
fact that this family of random variables becomes close to a family of independent 
uniform random variables when A becomes large, allowing to recover the Paintbox 
construction and thus the link with the minimal boundary. The convergence to the 
family of uniform random variables is not clear and explained in Section 7 and 8 . 
The proof uses the results of a previous paper, [19] , that deals with combinatoric of 
large compositions, and these results are summarized in section 6 . 

5. The familiy 

Some definitions on compositions are needed before defining the family (£ A )i>i- 

5.1. Combinatoric of compositions. Let A be a composition of n with its asso¬ 
ciated descent set D\ = (Ai, Ai + A 2 ,..., Ai + • • • + A r _i). An integer i G [1; n) is a 
peak of A if i G D\ U {n} and i — 1 ^ D\, and i G [1; n) is a valley if i 0 D\ and 
i — 1 G D\ U {0}. This definition makes sense if we consider any standard filling a 
of A : a(i) is a local maximum (resp. minimum) of a = cr(l) ... cr(n) if and only if 
i is a peak (resp. valley) of A. Let V denote the set of valleys, P the set of peaks, 
and S = V U P the set of extreme cells. 

A run s of A is an interval [a; b] of [1; n\ such that a, b are consecutive integers of S. A 
run [a; b] is called descending if a G P and ascending if a G V. The runs are ordered 
by the lower endpoint of the corresponding interval, and this yields a total ordered set 
S = {sj}i<j<t. Each element s t of S corresponds to an interval [ap, a* + i], with cp — 1 
and a t+ i = n. In particular two consecutive runs s t and s i+ i overlap on a, ;+1 . The 
length of a run s, is defined as the value Z* = a i+1 — a*. For example if A = (3, 2,4,1), 
V — {1,4, 6 ,10}, P = {3, 5, 9} and S' = {[1; 3], [3; 4], [4; 5], [5, 6 ], [ 6 ; 9], [9,10]}. 

For any cell i of A, the slope of i, s(i) = [x(i)] y(i)}, is defined as the maximum 
subinterval of [1; n] that contains i and no other peak or valley. In the previous 
example, s(7) = [7; 8 ] and s( 6 ) = [ 6 ; 8 ]. 

5.2. Definition of . Let (X t ( y p,q)) i>\ be a family of independent vari- 

(p,g}cQ 

ables such that X l (p, q ) UnifQp, q}). 

Definition 4. Let A be a composition of n, a E Ll\. The averaged coordinate of i 
with respect to a is the random variable defined by £i(cr) =0 */i>n, and 

( --- 
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for 1 < i < n. 

For o\ chosen uniformly among is denoted f x . f x (k) denotes the vector 

(£ 1 ,..., and f x (n) is simply written f x . 

Basically constructing f x means that we sample a uniformly random standard 
filling <j\ of A, we look at the cell containing i with respect to this filling, and then 
sample a random variable uniformly distributed on the rescaled slope of this cell. 
The advantage is that the knowledge of f x (k) is enough to reconstruct af. This 
reconstruction needs a slightly modified version of U\. 


Definition 5. The run paintbox U\ associated to X is an element ofU^ consisting 
in the following open subsets: 


• U,( A) = 

• bw = iupI^a. 


aj+ l — l 
n 

aj+ l — l 
n 


with a i+ \ — n + 1 if ai — n. 


The run paintbox U\ becomes close to U\ when n goes to inhnity: 

Lemnre 1. Let X be a composition of n. With respect to the distance onU^ 2 \ 

d(U\, U\) < -. 

n 

Proof. The definition of U\ yields the following open sets: 

w>= U 


ai£V,cii^n 


E(A)= u 


ai£P,ai^n 


Let us show that U^(X) c is included in the -—inflation of U^(X) C and conversely (the 
proof for C/j,(A) c and t/j.(A) c is the same). The -—inflation of t/f(A) c is 


\ai£P,ai^n 


Oi — 1 1 . „ ,a i+ i — 1 1 

- J —T-- VO, t+1 +- 

71—1 n 77 — 1 77 


+ -) Al] ] U[0,-]U[1--,1], 

77 / 77 77 


On the other hand 


^t(A) c = MJ P 


r Cli 1 CLi -|-i 1 


u{0} u {l}. 


Suppose that a, ^ n. Then for all 1 < k < n — 1, -k-r — - < - < -k-r + - thus 

6 / — — ’ n— 1 n — n — n— 1 n' 

p—, ^±1^1] c - -) V 0, + -) A 1] C f/ t (A) c,1/n . 

77 77 ' 77—1 U 77—1 U 
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If at = n, [2^1, = [1 - 1/n, 1] C C / t (\) c ^ n . Finally D t (A) c C f/ t (A) c,1/n . 

For the converse inclusion the A— inflation of U^(X) C is 


f/ t (A) c ’ 1/n = 
and 


®i+1 1 


UK— --)vo,( 

w n n n 

\ctiGP 


--) A 1] U [0, —] U [1 — —, 1], 


n 


n 


n 


U,(X) C = 1J [ 


O'i 1 1 1 -| 

T ’ i -I 
n — 1 71 — 1 


U{0}U{1}. 


\ai£P,a,i^n 

Since for 1 < k < n — 1, - — X < -k- < L + A f or each a* ^ n, 

— — ’ n n — — n n’ 1 ' ’ 

a^-1 a i+ 1 - 1 c _ I) v 0, ( Qt+1 - 1 + —) A 1], 

77 — 1 71 — 1 77 77 77 77 


and therefore f/f(A) c C D-f (A) c,1 / n . 

Doing the same for U±( A) and C7j,(A) concludes the proof. □ 


The previous Lemma implies that for any sequence (A n ) n >i with |A n | —* oo, the 
convergence of C/x n is equivalent to the convergence of U\ n , and both have the same 
limit. The advantage is that the knowledge of ££ and U\ n is enough to recover af. 


Proposition 2. For each 1 < k < n, a e Da? 

In particular the random variables af and <jjy (£ x (k)) have the same law. 

Proof. It is enough to prove it for k = n. Denote £j(cr) = f t and f = ( 6 ( cr ))i<i<n- It 
is equivalent to prove that for 1 < i, j < n, 

(°t7 A (0 ) -1 (*) < K a (0 ) _1 O') ^ 

Let 1 < i < j < 77. Then cb^O) < cbOO) implies that i is left to j in the associated 
filling of A. This is possible in one of the two following situations : 

(1) s(i) and s(j ) are disjoint and s(i) is left to s(j). In this case and are 
not in the same interval component of U\ and is in an interval component 
left to the one of £j. By the run Paintbox construction, 

K a (0) _1 (0 < K a 0)) _1 0)- 

(2) s(i) and s(j) overlap. This implies that i and j are in a same run s = [ap a i+ 1 ] 

of A. Let I s ai+ h~ l [• Since i < j and <Jf l {i) < crf 1 ^), the run s has 

to be an ascending one and thus a* G V and a i+ i G P. In particular cb^O) 
cannot be a peak, and oyOO) cannot be a valley. Thus is either in an 
interval component left to I s , either in I s . For similar reasons, is either in 
an interval component right to I s , either in s . This implies that if or 
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is not in I s , (ow (£)) 1 (*) < (&u . (£)) 1 (.7)• But if & and are both in 
since the latter is in C/f(A), the same inequality holds. 

Finally, in any case, 

^a 1 ^) < =► (^(or 1 (*) < (^(o) -1 (j)- 

The proof is exactly the same to prove that 

> a x\j) => (vuiioy 1 (*) > (^(o) -1 u), 

yielding the first part of the Proposition. This first part implies clearly the second 
one. □ 

It is also possible to recover exactly the position of {1,..., k} in the filling o of A 
from (6(cr))i<i<fc : 

Lemme 2. Let o, o' be two permutations ofCl\. If (cr _1 (l),..., o~ l {k)) is not equal 
to (cr /_1 (l),..., o'~ l {k)), then (£i(cr),..., ^(cr)) and (^i(cr'),..., £ fc (cr')) have disjoint 
supports. 

Proof. The proof is done by recurrence on k > 1. Let k — 1. 1 has to be located 
in a valley of A. If <r _1 (l) ^ o r,_1 (l), 1 is located in a different valley in o and o'. 
Thus the slopes of cr _1 (l) and a ,_1 (l) are disjoint, and £i(cr) and £i(cr) have disjoint 
supports. 

Let k > 1. Suppose that (<t _1 (1), ..., o~ l {k )) ^ (cr /_1 (l),..., o'^ 1 (k)). By recur¬ 
rence hypothesis, if (a _1 (l),..., o~ 1 (k — 1 )) is not equal to (cr /_1 (l),..., o'^ik — 1)), 
(£i(cr),..., ^_i(cr)) and (£i(cr'),..., £ fe _i(cr')) have disjoint supports. This yields also 
that (£i(cr),..., £fc(cr)) and (£i(cr'),... , ^cr')) have disjoint supports. 

Thus let us assume that (cr _1 (l),..., o~\k — 1)) = (cr /—1 (1)^..., cr /_1 (/c — 1)). This 
implies that o^(k) ^ (7 ,_1 (/c); since the position of {1 ,..., k — 1} is the same in the 
fillings o and o' of A, the cell containing k in o is in a different run than the cell 
containing k in o'. Therefore their slopes are disjoint, and (£i(cr),..., £ fe (cr)) and 
(£i(V),..., £/c(V)) have disjoint supports. □ 

This section ends by a convergence result, whose proof is left to the appendix. 

Proposition 3. Let U n be a sequence of and ((A" n (i));>i) n >i a sequence of 
random infinite vectors on [0,1]. Let (A"°(l),..., X°(n ),...) be a random infinite 
vector on [0,1]. Suppose that each finite dimensional marginal law of any of these 
random vectors admits a density with respect to the Lebesgue measure. If U n —> 
U G and for each k > 1, Xf = (.X n (l),..., X n (k)) converges in law to X® = 
(X°(l),..., A"°(A;)), then for each k > 1, 


^nW) 


law ou(X° k ). 
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6. Combinatoric of large compositions 


The purpose of this section is to introduce the background material to prove that 
the family (£^)i < u <k converges in law to a family of independent uniform random 
variables on [0,1]. Since depends uniquely on the runs in which u is located 
in a random filling a\ of A, it is necessary to evaluate the probability for u to be 
located in a particular run s of A. For a composition A and i G A a fixed cell, denote 
by A <i (resp. A>;, A<j, A>j) the composition A restricted to cells left (resp. right, 
res. strictly left, resp. strictly right) to i. Recall that d( A) denotes the number of 
standard fillings of the ribbon Young diagram associated to A. 

Let us focus here on the location of 1 in a\. Since 1 is necessary a local minimum 
in any filling of A, it has to be located in a valley v G V. Thus a direct counting 
argument shows that for a fixed valley v of A, 


( 4 ) 


(IA | — 1 )! d(X >v )d(X <v ) 
" |A<„|!|A >t ,|! d( A) 


The problem is therefore essentially to relate d(X >v )d(X <v ) to d( A). 


6.1. Probabilistic approach to descent combinatorics. Ehrenborg, Levin and 
Readdy (see 0 ) formalized in the context of descent sets an old relation between 
permutations of n and polytopes in [0, l] n . Namely since the volume of the set 
R a = {ayqi) < ••• < Xo-(n)} is exactly 4., it is possible to determine probabilistic 
quantities on & n by integrating certain functions that are constant on each region 
R a . The appropriate functions for descent sets were found in [7], yielding some new 
estimates as in [ 6 ] and flj. The model of Ehrenborg, Levin and Readdy is exposed 
in this paragraph, but in a modified way to focus only on the set of extreme cells 
S (as defined in the paragraph 15. ip . This yields the following framework : let A 
be a composition of n > 2 with set of extreme cells S = {cq = 1 , a 2 , • • •, a r = n}. 
Suppose for example that the first cell is a valley (namely ay G V) and denote by Sj 
the run between aj and cq + i, with lj its length. To each A is associated the couple 
of random variable (AR, Y\) on [0, l ] 2 with density 

( 5 ) 


dx x Xx^ x li x r) 


1 

V X 



n 

l<i<r-l 


x i x i +11 

(k-iy. 


n dxi. 

2<i<r-l 


If the first cell is a peak (i.e a,\ e P), the inequalities in the expression of the 
density are reversed. If A = □, the expression for the distribution of (An, In) (in 
the distributional sense) is simply: 

dx n ,Yn( u ^ v ) = &u=v 

The latter probabilistic model is related to the combinatoric of descent sets through 
the equality 


(6) 


d( A) = |A|!V a , 
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whose proof can be found in [?]. 

The first advantage of this model is that it behaves simply with respect to concate¬ 
nation of compositions. 

Definition 6 . Let A = (Ai,..., A r ) and p, = (/x l5 ... , p s ) be two compositions of m 
and n. The concatenated composision A + p is the composition of n + m 

X + p = (Ai,..., A r + pi, p2 1 ■ ■ ■, Ps), 

and the concatenated composition A — p is the composition of n + m 

A + p — (Ai,..., A r , pi, p2, ■ ■ ■, ps )■ 

This dehnition has a simple meaning in terms of associated ribbon Young dia¬ 
grams: namely the diagram of A + p (resp. A — p) is the juxtaposition of the one 
of A and the one of p such that the last cell of A is left to (resp. above) the first 
cell of p. An application of the section 2 of [7j (see also Lemma 2 in HI) implies the 
following expression of the concatenation in the probabilistic framework : 

Proposition 4. Let A ,p be two compositions, e e {—,+}. Then 

v Xt/1 = V A V,,E(Y A < £ X /t ) 

and 

d x^,Y Xe ^x,y) = 1 [ d Xx ,Y x (x,u)l u < eV d x ^(v,y)dudv, 

“lb 7 [ 0)1 ]2 

where <_=> and <+=<, and the couples (X\, Y x ) and (X^Y^) are considered as 
independent. 


The previous Proposition yields a particular case that helps to compute the law 
of £Denote by F x the distributive cumulative function of a random variable X. 

Corollary 1. Let X be a composition of n and v a valley of X. Then 

, , 1 1 

P A (l e v) = —i-, 

"Jo a - -fV A< .(«))(l - F Xx>v (t))dt 

with the convention X x>n = Si and Y A<1 = 5i. 

Proof. Since v is a valley, A can be written A<„ — □ + A>„. Thus the previous 
Proposition yields 

V A< „-n +A> „ = V a< „V a ,,E(Y a< „ > y a >j. 

Conditioning the expectation on the value of X x>v gives by independence, 

E(1V. > x x> j = / (I - F Yx Jt))d x (t)dt. 

Jo 
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On the other hand from the previous Proposition, since X\ >v = A"n+A>„, 
d *\ >v (*) 


and finally 

Vaa.-wa.. = Va.Vaa. /'(I - Fy (t))(l - F X (t))dt. 

Jo 

Using the latter result in the equalities (0} and (jHJ) yields 

F p (|A| ~ 1 )! d(X >v )d(X< v ) 
aA } |A<„|!|A >t ,|! d( A) 

(I A | — 1)! | A <t , | ! | A >t , | ! V A> „ V a<t , 

|A< W |!|A > „|! |A|! V A 

= J__ Va>,Va<„ _ 

l A l Va<„V a> „ f 0 \ 1 - Fy x Jt))(l - F Xx>v {t))dt 
i i 

“U /o(l - F~, ( 0(1 - Cv A> , (t))dt 

□ 

6.2. Estimates on (X A , Y\). The latter corollary shows that the knowledge of F x„ 
and Fy. for a subcomposition g of A yields estimates on the location of 1 in cr A . 
The results on the behavior of Fx ,,, F Y) , obtained in [19] are summarized in this 
paragraph, and the reader should refer to this article for the corresponding proofs. 
The first result is a bound of Fx x depending on the length of the first run of A and 
corresponds to Corollary 2 injl9j: 

Proposition 5. Let X be a composition with at least two runs, and with first run of 
length R. If the first run is increasing, the following inequality holds : 

1 - (1 - t) R < F Xx (t) < 1 - (1 - t) R+1 . 

If the first run is decreasing, the inequality is 

t R+1 < F Xx (t) < t R . 

A similar result holds for Y\. The latter inequalities are very accurate when R 
is large, but when the runs remain bounded, the result is not so useful. It is still 
possible to show that the distribution of X\ only depends on the first cells of the 
composition. This corresponds to Proposition 11 in [15] . 


E(X a> „ > Y n ) J 
(1 - F x> 


v A> „v n 


Va, 


[ 0 , 1] 3 


S(t, u) 1 u <vd Xx>v ,y A (v, y)dudvdy 
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Proposition 6. Let e > 0. There exists uq > 1 such that for any n > no and any 
composition A of size larger than n with first run smaller than n, 


I F 






oo A G 


In the latter result, n 0 depends only on e, and not on the shape of A. 


7. Asymptotic law of ^ 

This section is devoted to the asymptotic law of 

7.1. Preliminary results. Propositions [5] and | 6 ] imply that Pa(1 G v) only depends 
on the shape of A around v. 

Lemme 3. Let e > 0. There exists n e G N such that for n 0 > n e and two composi¬ 
tions Ah n and p h rn with the first run of p smaller than n 0 , 

fpl-Fy.mi-Fxmdt 


e < 


— r 1 


/o (l - #V*(f))(l - Fx r< (t))dt 


< 1 + e. 


Proof. Let A,/i be two compositions, with L the size of the last run of A and R the 
size of the first run of /i. Set + = + if the last run of A is increasing, = — else, 
and the same with 62 and the first run of p. Let A = f*( 1 — F Vx (t))(l - F x „(t))dt. 
From Proposition [5l integrating the inequalities yields the following bounds on A: 

• If 6i = +, 62 = +, 

1 1 A ^ 1 1 
(R +2)... (R + Ly- ~ A 1 ~ (R+ 1) 


R+l 

if e\ = -,e 2 = 


(R + L) 


L + R + l 


< A < 


L + R- 1’ 


if £i — +, 62 — —, 
1 

R 

A 2 = 

(1 


1 i 1 

R~L + R+L 


< A < 1 - 


+ 


A+l L+l L+R+V 


if ei = 
1 


--—--) < A < -(1 

{L + 2)...{L + R) J ~ ~ L y 


L + V~ (L + 2)...(L + R)' ~ ~ L^ (L + 1)...{L + R)' 

The latter bounds are independent of the shape of A, /1 apart from the lengths of 
the last run of A and the first run of p. Denote by Af’ff each upper bound in the 
previous list, and Bff’ff each lower bound. Then as min(L, R) — > 00 , 


2 

Dr n 
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Thus there exists K such that if L, R > K, whatever is the shape of A, // outside 
these runs and n 0 > R , 


1 <1 + e 
lo^-Fndw-Fx^mt- 

From now on, let us assume that the last run of A and the first run of // are bounded 
by K. Set g = inf Ei,e 2 5^ 2 . Since L, R > 2, thus each Bf’ff is strictly positive. 

L,R<K 

The family {Fl.r} L e j-ff 2 K being finite, this yields g > 0. 

By Proposition [ 6 l there exists n e > 1 such that for n 0 > n e and any composition 
v of size n > no and first run smaller than n 0 , Fx^ = F Xi/ +g with WgW^ < eg. 
Let no > n e and suppose that X\~ n, g\~ m with the first run of p smaller than no- 
Then there exists g such that ||g||oo < er h an d F Xfl< = F X/j + g. This implies 

A1 - U- A (t))(l - Fx (t))dt = / (I - Fy,m 1 - FxM - s(t))dt 

Jo - 0 Jo 

= A- / - F Yx (t))dt. 

Jo 

Since ,/ 0 ' g(t)(l - F Yx (t))dt < eg and A > g, 


1 — e < 


J 0 \l-Fy x (t))(l-F X (t))dt 


A 


< 1 + e. 


□ 


A corollary of the previous lemma yields a precise estimate of the probability that 
1 is located in a particular valley v when the length of the slope of v goes to +oo. 

Corollary 2. Let e > 0. There exists n 0 > 1 such that if X is a composition, and 
v G A is a valley with slope s(v) = [a; b] of size b — a > n 0 , then 

, A — a m x 6 — a 

1 - e)-< Pa 1 G v) < 1 + e -. 

n n 

Proof. Since v is a valley, v belongs to two runs Sj, s i+ i. If b — a > 1, then at least 
one run containing v is of size larger than 2 . Assume without loss of generality 
that l(si + 1 ) > 2. This means that the first run of A>„ is increasing. Let A = 
/„ (i - r n< .W)(i - f x ^ it))(J ■ Let L denote the length of the last run of A„, 
and R denote the length of the first run of A>„. 

If /(sj) = 1, the last run of A<„ is increasing. Moreover in this case b — a = R. Thus 

the bounds on A from the proof of the last Lemma yield 

11 11 
--(1- 7 ---) < A < -—(1- - T ---). 

nL,(»-«+o ~ b ~ a nti(»-«+o 

Thus independently from L , there exists n± such that if Usi) = 1 and b — a > ni, 
then (1 - e)^_ < A -1 < (1 + e)^_. 
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If /(sj) > 1, the last run of A<„ is decreasing. Then b — a = L + R — 1, and the 
bounds on A from the proof of the previous Lemma yield 


' < A < 1 


b — a + 2 b — a 

There exists n 2 such that if /(s,) > 1 and b — a > n 2 , then (1 — e)rj^ < A -1 < 
( 1 + e )&=H- 

Set no = max(ni,n 2 ), and let n > n 0 . From Corollarj|l] P A (1 G v ) = and thus 


. .b — a . . .b — a 

(1-e)— <Pa(1 ev) < (1 + e)- 


n 


n 


□ 


From the bounds {A e ^, B 6 ^ 2 } on A that were found in the proof of Lemma [31 
it is also possible to deduce a bound on the location probability of 1 in cr\: 

Lemme 4. Let X be a composition of n, and a < b be two peaks of X. Then 

Pa( 1 G A> ai <fe) < 2- 


n 


Proof. Since 1 has to be located in a valley of A, 

P(1 G A >a><b ) = ^ P(lG v). 


vev 

a<v<b 


From Corollary (TJ for each v G VL 
P(1 G v) = 1 


W)(l -Fx x> „ (*))dt 

Suppose that v G D Sj+i. By the bounds on A from the proof of Lemma [H 

jT-—-————-——— < K s i ) + K$i+ 1 ) + 1 < 2 (K s i) + l(s i+ 1 )). 
Jo (1 - F Yx<v (t)){ 1 - F Xx>v (t))dt 

The latter inequality yields 


P(1 G A >ai<b ) < — ^ l(si) + l(s i+ 1 ) < 


2(6 — a) 


v&V 

a<v<b 


n 


n 


7.2. Convergence to a uniform distribution. Let us show the convergence in 
law of <Gj\ Let 7 r denote the Levy-Prokhorov metric on the set A4i[0,1] of probability 
measures on [ 0 , 1 ]. 

Proposition 7. Let e > 0. There exists no such that for n > no, Ahn, 

ir(£f,W([0, !]))<£. 
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Proof. Let e > 0. Since i^([o,i]) = -^[ 0 , 1 ] is continuous, it is enough to prove that for 
s e [0,1] and for A large enough, 

|P(£i A e [o,s])-s\ <e. 

Let 0 < s < 1 and n f be the constant given by Lemma [3] for e. Let Ah n and 
let v n denote the last valley such that the associated slope intersects [ 0 ,ns], namely 
s(v n ) D [0, ns] 7 ^ 0: since 0 < s, such v n always exists for n large enough. Let [a n ; b n ] 
denote the slope of v n . Thus a n < ns < b n + 1. 

If 1 e A< a „, ^ e [ 0 , ^[c [ 0 , s]. Moreover 

Pj(l 6 A <a J = P>(1 £ v) 

vev 

v<a n 

= Y - _i_ 

+ l A l /o(l - W)(l - Fx, >v {t))dt 

v<a n 


If v < a n is a valley, there is necessarily a peak between v and a n , and thus the first 
run of \ >v is of size smaller than v n — v. Therefore from Lemma EJ 


1 


Pa(1 G A<a n ) < ^ — —1 

' n / 


1 + e 


" lo (1 - F n„ «))(!- (<))* 

v<a n 


<(1 + 0 


Vn + n e 


n 




and for the same reasons, 

7; -4-79 

Pa( 1 G A <a J > (1 - e)^P Wne(1 G A <0 „). 

The proof is now divided into two complementary cases : 

• A is such that a " > 1 — e : in this case, Vn + n £~ a ™ < e . Thus from Lemma 

Vn+rie ’ V n +n t 

SI PA<„ n+ „ e (l G A> a J < 2e. This yields 

1 - 2e < P A<i)n+ne (l e A <a J < 1, 


and thus 


(1 _ 2ef V -^ < Pa( i e A< „J 

n 

The hypothesis a " > 1 — e yields also 

Vn 1 'Tie 

(1 - 2e) 2 — < P A (1 G \ <an ) 
n 


<(l + e) 


Vn + n e 

n 


< 


1 + e a n 


1 — e n 
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On the other hand by independence between cr A and the family (^(pg))p,ge 

Leb([0,s] O [(a n - 1 )/n,b n /n]) 


P(i ev n n e [0, s]) =P A (i g v n )- 

=Pa(i e v n )(- 


(bn - cin T 1 )/n 


a n ~h 1 


On T 1 


Al). 


From the dehnition of the slope and from the bounding Lemma H, P(1 G 
rfl^f G [0, s]) < 2( - bn ~ an ^ . Thus the latter quantity doesn’t become negligible 
for n large only if at least one of the two runs ,s t or s i+1 surrounding v n tends 
to inhnity when n grows. But in this case from Corollary [2] 


P(l £ V n ) ^bn—a n —>oo ipn O n )/7l. 


Therefore 

P(1 G v n n^e [0, s]) = n ->oo {bn - a n )/n — an / n _|_ 0 ( 1 ) 

b n jn — a n /n 

= n ^ +00 Leb([a n /n, s ] + o(l), 

with o(l) being a quantity converging to zero with n. independently of the 
shape of A. Summing the probabilities yields for n large enough 

P(tf 6 [0, a]) <i±£Le6([0. ^]) + Lei([^,»]) +o(l) 

<LAie 6 ([ 0 ,s]) + o(l), 
and for the same reasons 


(1 - 2e) 2 Le6([0, s]) T o(l) < P(£ A e [0, s]). 

There exists thus ni such that for n > n i, if a " > 1 — e, 

(1 - 2e) 2 Lefe([0, s]) - e < P(£ A G [0, s]) < ^-^-Leb([ 0, s]) + e. 

• A is such that a " < 1 — e : this implies that either v n remains bounded or 
v n — a n goes to Too as n grows. 

Suppose that v n remains bounded by K as n grows. In this case by Lemma 
HI P(1 G A < Vn ) —t 0. Thus 

P(£i G [0, s]) = P(1 G v n £ A G [0, s]) T o(l). 


Since v n remains bounded by K and b n + 1 > ns, the slope of v n tends to 
Too, and therefore from Corollary [2j 

r , . b n — a n ns — a n , . 

P(£i G [0, s]) = --- 7 ——^ = s T o(l). 

Tt o n a n 

Suppose that v n — a n goes to Too. From Corollary [2J 


^<»n+n e ^ V n) n->oo 


Vn + n £ - a, 
V n T n t 


+ o(l). 
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From Lemma HI P 


W^(l e A >Wn)<Wn+n J < = 0(1) and thus 


Pa 


<v n +n e 


(1 ^ A <a J -1 - P A< „ n+ne (l g v n ) - P A<t;ri+ne (l g A 


X >Vn,<Vn+n e J 




Vn + n e 


0 ( 1 ). 


Thus 

P(tf e [0,»]) < (1 +1)- + b " ~ a " ns ~ a " + o(i) < (l +1)» + “(I), 

77 / 77 / O n Ci n 

and for the same reasons (1 — e)s + o(l) < P(£* G [0, s]). This yields the 


existence of such that if n > n 2 and 


Vn+rie 


< 1-e, 


(1 — e)Lefe([0, s]) — e < P(£ A G [0, s]) < (1 + e)Leb{\ 0, s]) + e. 

By the results from both cases, there exists no such that for n > no, A h n, 

|P(£i e [0,s])-s| <e. 


□ 


8. Martin boundary of Z 

This section is devoted to the proof of Conjecture [Q yielding the identification of 
the Martin boundary of Z with its minimal boundary. 

8.1. Generalization of Proposition The result of the previous section can be 
generalized for k > 2 : 

Proposition 8. Let \ n be a sequence of compositions of size tending to infinity. 
Then for k > 1, 

( fi n )l<i<k t law (Ad,..., Xjf), 

with (Ad,..., X k ) a vector of k independent uniform random variables on [0,1]. 

Proof. Let us prove by recurrence on k > 1 that for e > 0, there exists n*, G N such 
that for n > n*,, Ahn, 

7 r ((^ A )i<j<fe) (Ad, • • •, X k )) < e, 

Ti denoting the Levy-Prokhorov metric on [0, l] fc . 

The initialization of the recurrence is done by Proposition [3 Let k > 2. It suffices 
to show that the law ££ conditioned on (<d A ) i<«<fc-i is close to the uniform law on 
[ 0 , 1 ] when n becomes large. 

Let s G [0,1] \ Q, e > 0. Let 

T v = ni<i<fe_i{(xi,. . . , x k - 1 ) G [0, l] fc_ 1 |x,: fL [s - rj, s + rj]}. 

For all r], Leb(d T„) = 0 and Le 6 (limT„) = 1, thus by the recurrence hypothesis 
and the portemanteau theorem, there exists 77 > 0 such that for A large enough, 

(7) P((C A )i<*<fc-i e Y v ) ^ 1 — e > 
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and 

(8) 7T(((C A )l<I<fc-l 1I-S77)) — 

with = {(f£) i<i</c—i ^ ^/?} and B v {(Ai)i<i</j .—i ^ 

Let Ahn and i — (i\,..., ik-i) such that P(cr^ 1 (l) = A,..., cr^ik — 1) = 4_i) ^ 0. 
Let us further assume that i satisfies the following condition : 

(*) VI < j < k - 1, s{ij) <t [n(s - rj),n(s + rj)]. 

Then A can be decomposed as 

A = Ai — ji\ + A 2 — • • • — Hr T A r+ i, 

with Hi consisting only in cells included in i. From the latter construction, each run 
of A intersects at most one A*. 

Conditioned on X? = (a^ 1 (l) = A,..., o^ik — 1) = ik-i}, the random filling of A 
consists in sampling a uniformly random multiset R = (Ri,..., R r+ \) of cardinal 
(|Ai|,..., |A r+ i|) among [k;n], and then independently filling each subcomposition 
Ai,..., A r+ i respectively with Ri,..., R r +i- Since k is the lowest element of [k; n ], 
for v G A j, P(fc G v | dy) ^ 0 if and only if v is a valley of A*, and if this is the case, 

P (k G v\X x ) = P (R u ... tRr+1 ){k G i2i)P Ai (l G v). 

Let s p = [a p ; a p+ \] be the run of A such that s G If ij is a peak, necessarily 

the two runs overlapping on ij contain only elements lower than j, and thus the slope 
of ij is smaller than j. Thus since for all 1 < j < k — 1, s(ij) <f_ [n(s — 77 ), n(s + v)]i 
for n large enough, the peak of s p cannot be in any /i, for 1 < i < r. This yields the 
existence of a unique i 0 such that s p D A io ^ 0 . 

Set A * 0 = A >a ,<b and define the border B of A * 0 as the set of valleys v of A io such 
that the slope S\(v) of v in A is not included in X l0 . B has at most two elements. If 
v is a valley of A io which does not belong to B , 

Pa({i g v} n < 8}\x x ) = p n (k G R i0 ) P Aio ({i G V} n g [o, 

If v G B, #(s\(v) \s\ iQ (v)) < k — 1. Therefore when n goes to + 00 , |P(X Sa (^) < 
s) — P(X SA( < s)| = o(l), with o(l) being a quantity going to 0 when n grows, 
independently of A or i. Thus if v G B, 

Pa({1 G v}n{ti < 8}\Xd = V n (k G ^ 0 )(Py 0 ({l G t;})^ G [0, ^_^])+o(l)}). 
Summing the probabilities yields 

Tts — a 

P({4 a e [0, s]} n{te A io }|AV) = p s (k e i?«,)P A + «(l). 

If i < io, k G Ai implies that ££ G [0, s], A standard counting argument shows that 

Ri 


p n(k G Ri) 
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and thus, 

P(£je[o,>]|* r ) 


£ Pr (k € ft) + Vg(k € (?fi 

i<io 


e [o, 


ns — a 


Ri, 


to 



+ 0 ( 1 ) 




G <*0 


n 


R 


i 0 


7 , + “r p -'ioKi' , ° 6 [o. -4—1) + °(i)- 


i? 


*0 


+ 0 ( 1 ) 


Either remains bounded as n —> oo and (£ A: ‘° G [0, 7 -jz^}) —■> 0, either R io 

goes to infinity, and by Proposition [71 


PA ln (^°e[o,^]) = ^ + 0 (i). 


b — a 


R 


*0 


Thus in any case, 


P<A A e [o, *]\x t ) = - + + + 0 (i) _► s , 

n n K io 


and the convergence is uniform in A, i. 

Let (xi)i<i< k -i G T v . If (^ A )i<i<fc_i = (xi)i<i< k -i, then (cr“ 1 (l),..., a^{k- 1)) veri¬ 
fies the condition j*j). Moreover from Lemma[2] (£ A ,..., ^_ 1 ) (->■ (cr^ -1 (1 ),..., a^ 1 (k— 
1 )) is well-defined and 

(£k\(£i)i<i<k-i) = ■ ■■,*- 1 })- 


Thus for n going to +oo, 

P(£fc e [0) s ]|(^ A )l<j<fc-l — (*Ei)l<i<fc—l) 5, 

and the convergence is uniform in (xj)i<i<fc_i G T^. 

From the latter convergence and from (J 8 J) , for n large enough, 

l<i<k\-A-ij), ( (7fj) l<i<k | Rrj) ) + €• 

If e is small enough, then P(^4 7? ) > 1 — e and P(-B ?? ) > 1 — e imply that 

vr(((C A ) i<i<fe|t4jj), (£j )i<i<fc) + 2 e, 

and 

t((( 7Q)i<i<fc|-B^), (A.j)i<j<fc) £ 2 e. 

Thus for n large enough, 

7r ((^ A )i <i<k, (Xi)i<i<k) < 5e. 


This concludes the proof of the proposition. 


□ 
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8.2. Proof of Theorem [3j 

Proof. Let (A n ) n >i be a sequence of compositions and U = (U^, Uf) G U ^ such that 
X n h n and U\ n —* U in U^. By Lemma [Q, U\ n -A U, with U\ the run paintbox 
dehned for A in Section 5. 

Let n G Z, n b k. Since /L /t (A n ) = by equality (12]), 

K,( Xn) = 

a being any permutation such that des(a) = p. By Proposition [2l 

= <?) = ^^u Xri {{^ n )i<i<k) = o-). 

By Proposition |8l as n goes to +oo, (£ An )i<i<fc converges in law to a sequence 
(Xi, ..., X k ) of uniform independent random variables on [0,1]. 

Thus since U\ n —> U, by Proposition [3] 

Mi) l<i<k ) ~^law &u({X l, . . . , X k )) — Cpy. 

Therefore 

K^X n ) = P(a An = a) ->• 

□ 


As explained in Section 4, the latter Theorem implies Conjecture CD 
Corollary 3. Conjecture [7] is true and for the graded graph Z, 

f^min-2' 9]\/[Z. 

We end this section by showing that the topology on Z — Z U 3mZ, abstractly 
constructed in Section 2.1, can be concretely described in terms of oriented Paintbox 
construction. From the work of Gnedin and Olshanski in [8] (Proposition 36), <9 min Z 
with the induced topology of Section 2.1 is homeomorphic to £C 2 b Since from the 
latter Corollary, <9 m i n Z = OmZ, as topological spaces 

d M z = u {2) . 

It remains to describe the topology of Z = Z U BmZ. Let U n C U^ be the set of 
(C/-J-, Uf) such that [0,1] \ U U± C 0 < k < n — 1}. Then Z is characterized 
as follows: 

Corollary 4. Let T = [0,1] x U ^ with the product topology. As topological spaces, 

i~({ 0 }xWl 2 >)u(J({l}xW„)cr, 

n> 1 

the space on the right being considered with the induced topology from T ■ 
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Proof. The bijection is achieved by sending A h n to ^ x U\ and oj = lim X n £ 6mZ 
to 0 x lim U\ n . Since Z is compact, the only thing to prove is the continuity of the 
map. 

Let x n —* co £ Z. If lu £ Z, the sequence is stationary and the convergence is 
straightforward. Suppose that u> £ d\jZ. and divide x n into two complementary 
subsequences {x^ n \) and (x<^c( n )) such that x^n) G ^ and x^c^ £ &mZ. 

By Proposition 36 of 

^ > ( a; 0 c (n)) ~^ 

By Corollary [31 since x^ n ) —t^w, 

®( X <Kn)) = U x^ n) 

which concludes the proof. □ 

9. The Plancherel measure 

The purpose of this section is to investigate the Plancherel measure on the graph 
Z, which is the point (0, 0) of BmZ. We first recall the link between Z and the 
Young graph y to justify the name of Plancherel measure. This link was already 
explained in [S] in terms of associated algebras of functions, but it seems to us that 
no direct link on the level of paths was clearly defined. It is the purpose of the 
second paragraph to clearly establish this link on the level of paths. 

9.1. The graph y. A partition p of n is the data of a decreasing sequence on 
integers (p± > • • • > p r ) such that pi = n. n is called the degree of p and 
is denoted p h n. Let us denote by l(p) the length of the sequence. The set of 
partitions of n is denoted 34, and the set of all partitions y. y is ordered by saying 
that p Z t if and only if l(p) < 1 (t) and for all 1 < i < l(p), p% < r*. 

As for compositions, a Young diagram is associated to each partition by drawing p 1 
cells on the first row, p 2 cells on the second row and so on, such that the first cell 
of the row i + 1 is just below the first cell of the row i. A standard filling of p is a 
filling of p with elements of {1,..., n}, such that the hlling is increasing to the right 
and to the bottom. We denote by T p the set of standard fillings of p (also called 
stantard tableau of shape p). Here is an example of a partition p = (7,4,2,1) and 
a standard hlling of the associated diagram. 



Figure 4. Young diagram of (7,4,2,1) and an example of standard hlling 

We say that p /* r if and only if deg r = deg p + 1 and p Z r. When T £ T r is 
a standard tableau of shape r h n, is defined as the standard tableau obtained 
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by deleting the cell containing n. In particular T\ has a shape p such that p /* t. 
Adding an edge from p to r if and only if p r transforms y into a graded graph. 
The latter graph is a major construction for the representation theory of the groups 
(©n) n >i, since the irreducible representations V T of & n are indexed by elements r 
of 34, and there is a decomposition 

= £ v r 

P/'t 

As for the graph Z , the set of paths on y between the root 0 and a partition p is in 
bijection with the set of standard tableaux of shape p, and each element of <9 min 3^ 
yields a random path on the graph y (namely an infinite standard tableau). The 
minimal and Martin boundaries of y have been intensively studied (see |12].|13j.|2U|) 
and fully described. In particuler the equality d min y = <9m 3^ holds also in this 
setting, and 

dMy = {(ai > a 2 > • • • > 0), (&i > b 2 > ■ ■ ■ > 0), a i + h i - 1 )- 

For each co £ <9m34 Pu denotes the random path on y according to the harmonic 
measure u). 

The next paragraph establishes a link between y and Z based on the algorithm 
RSK of Robinson, Schensted and Knutli. The relation between both graphs has 
been already established through the ring of symmetric functions and the one of 
quasisymmetric functions. The reader should refer to [8] for a complete review of 
the subject. 

9.2. RSK algorithm and the projection Z —> y. Let us first recall the RSK 
algorithm in the special case of permutations. This algorithm, initiated by Robinson 
in [3j and created by Schensted in [T7], establishes a bijection between &„ and pairs 
of standard tableaux of n of the same shape. Let a = (er(l),..., cr(n)) £ & n . The 
algorithm constructs a pair of standard tableaux from a as follows : 

(1) Start with an infinite array A 0 = (ah)k,i >i such that each cell is filled with 
the entry n + 1 (namely a° k l = n + 1), and an infinite array B = [bk,i)k,i >l 
such that each cell is empty (B is called the recording tableau). 

(2) At each step i, 1 < i < n, the following insertion is done on the array A* -1 : 

• Let (1, li) be the first cell (starting from the left) on the first row of A l ~ l 
such that a(i) < aj^J- Set a\ h = cr(i). 

• Let (2, l 2 ) be the first cell on the second row of A* -1 such that 

i 1 - a H- Set a 2,h = a ul 

• Continue the process until the step k 0 where a l ko \ k > n. For k > k 0 

or k < ko, l l(k), define a\ t = aj, - /. Return A* = {A z kl )k,i> i- Set 
b k 0 ,l ko = i- 

(3) Let P(cr) be the part of the array A n containing entries lower or equal to n, 
and Q(a) the part of the array B consisting in non empty cells. 
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Then the following Theorem holds (PH, 0): 

Theorem 4. The map S : cr ha (P(ct), Q(cr)) is a bijection between & n and pairs of 
standard tableaux of n of the same shape. Moreover 

From now on p(a) denotes the shape of P(cr) (or Q(a )). 

The link between Z and y resides in the following proposition, mapping paths on 
Z to paths on y. 

Proposition 9. Let (a k ) k >i be a path on Z. Then (p(cr k ))k >i a path on y. 
Moreover if cr = (cr k ) k > 1 is a random path on Z, then p{a) = {p(cr k )) k >i is a random 
path on y and for P eT t a path on y between 0 and r b k 0 , 

P((p(ai),...,p(a fco )) = P) = P(^fco = (T )- 

o-e6 feo 

P(a)=P 

Proof. Let a = (4,..., 4-i, n, i k+ 1 ,...) £ & n . If suffices to prove that 

P(n) = P{<r)l- 

Although the latter equality appears clearly in the algorithm, the proof is eas¬ 
ier to write by using o~ l : indeed write = (ji ,..., j n -i, k). Since cq = 

(A, • • •, 4-i, 4+i, • • •), (tp) -1 = (ji> • • • Mn- 1)> with 3* = 3i if 3i < k and 3* = ji - 1 

if ji > k. All the jf (resp jf) are distinct and thus 

= Std((j u .. .,j n _ i)). 

Since the Schensted algorithm only depends on the relative values of the entries, the 
recording tableaux B of the algorithm for (oq) -1 and cr -1 after n — 1 steps are the 
same. Therefore 

Thus from Theorem [4], 

= Q^f 1 ) = <2(^ _1 )i = P(?)± 

This yields that p(cq) 4* p( cr ) and for any arrangement (a k )k>h the sequence 
(p( cr fc))fc>i i s a well-defined path on y. 

In particular if (cr k ) k >i is a random path on Z and P £ T t , t h ko, summing the 
probabilities of each path yields 

p((pK),---,pK)) = p) = p ^( a fco = «)- 

P(a)=P 

□ 

The important fact is that harmonic measures on Z yield harmonic measures on 
the graph y. 
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Corollary 5. Let a = (crk)k> 1 be a random arrangement such that P(cr^ = a) 
depends only on Q(a). Then p(a) yields an harmonic measure on y . 

In particular harmonic measures on Z yield harmonic measures on the graph y. 

Proof. From Section 2, a random path p = (pk)k >l on y comes from an harmonic 
measure if and only if for any partition r h n, and Pi, P 2 G T r , 

P((Pl j • • • j Pn) = Pi) =P((pi,...,p n ) = Pi)- 

Let cr = (cTjb)fc> 1 be a random arrangement such that P(cr fc = a) = p(Q(a)), with p a 
positive function on standard Young tableaux. From Proposition O for k 0 > 1, r h 
and P G T r , 

P((Pi, ■ ■ ■, Pk 0 ) = P) = = «) 

P(a)=P 

= pW( a )) = p(Q)> 

ae &k 0 Q&Tr 

P(a)=P 


the last equality being due to Theorem HJ Thus P((pi,..., p ko ) = P ) is independent 
of P G T r . 

Let (j) be an harmonic measure on Z. From Section 3, f yields a random arrangement 
a = (crfc)fc> 1 such that P(o> 0 = a) = p(des(a)), for a particular function p : Z —>■ M + . 
By a standard combinatoric result (see [H]), i is a descent of a if and only if i + 1 is 
in a strictly lower row than i in Q(a). Thus if Q(a) = Q(a'), then des(a ) = des(a') 
and P(<Tfc = a) = P(<7fc = a'). From the first part of the Corollary, p(cr) yields an 
harmonic measure on y. □ 

In general, for Q a standard tableau, des(Q ) denotes the set of indices i such that 
% + 1 is in a strictly lower row than i. This yields in particular the following equality 
for A G Z: 

(9) ek(0, A) = ^ <*3,(0, r)#{Q G T r , des(Q) = D x ). 

r&y 

The latter equation yields the law of p(cr\), when oa is chosen uniformly on the set 
of paths between 0 and A. 

Lemme 5. Let A h n and a\ a uniform random path between 0 and A. Then p(cr\) 
is a random path on y with law 

P(p(c \)(k) = t) = dy(<D,T)K T (p x ), 

for r G 34 and p\ a random element of 34 with law 

P(p A = p) = P (Q(a x ) G T p ). 


ZIGZAG DIAGRAMS AND MARTIN BOUNDARY 


31 


Proof. Let us apply the Schensted algorithm to cr A . If P E T r , with r a Young 
diagram of k cells (k < n), 


lP(p(cr A ) fc = r) = 

Equation 

P(p(<TA)fc = T 


-#{cr e des(a ) = A,P(cq fc ) = r}. 


d z (A) 

transforms the latter expression into 

E pe y #{<2 e T P1 des(Q ) = A)}#{cr, QO) = Q, P(oq fe ) = r)} 


E 


E pG y dy(0,p)#{Q e T p ,des(Q) = A} 
dy{®, p)#{Q e Tp, des(Q) = A} dy ( 0 , r)dy (r, p) 


pey Epey dy( 0 , p)#{Q e r p , des(Q) = A} dy (0, p) 
= dy( 0 , t)K t (px), 


with pa = p(u A ) a random variable on 34 with law 

dy(0,p)#{Q e T p ,des(Q ) = A} 


= p) = 


E pe y rf y(0,p)#{Q e T p , des(Q) = A} 


= P(Q(a A )GT p ). 


□ 


We finally prove that p restricts on 3mZ to a surjective map p : 3mZ —» <9m3L 

Proposition 10. Let U = (U^,Uf) E 3 mZ. Let (a\ > ci 2 > • • • > 0) (resp. 
(hi > h 2 > • • • > 0)3 he the lengths of the interval components of (resp. PjJ m 
decreasing order. Then to(U) = ((ai > a 2 > • • • > 0), ((hi > b 2 > • • • > 0)) E dy/W 
and p(<Ju) = Pupj). Moreover the induced map 

p : d M Z -E d M y 

is surjective. 

Proof. Since the Schensted algorithm relates a finite number of permutations to 
each Young diagram, the map p sending random paths of Z to random paths of y 
is clearly continuous with respect to the topology of convergence in law. Thus it 
is enough to prove the result on a dense subset of 3mZ. Let U = (U^, Uf) E 8 mZ 
be such that U = [0,1] and U has a finite number of interval components. Denote 
by (ai > a 2 > • • • > a n ) (resp. (hi > h 2 > • • • > b m )) the lengths of the interval 
components of (resp. U±) in decreasing order, and uju — ((oq > a 2 > • • • > 
a n ), (hi > h 2 > • • • > bm)). Then au can be approximated by a sequence a\ n with 
A n h n, U(X n ) —» U. By Greene’s Theorem (see |9]) and Lemma 2 of the paper |21j 
of Kerov and Vershik, almost surely p(cr An ) converges in y U to tuu- Thus by 
identification of the Martin boundary on y and Lemma |5j 

p 00aJ(£) =t) -A d(0, t)K Uu (t), 

for r \~ k. 

In particular p(cru) — Pw(u)- Since the subset 

{U E U = [0,1], U has a finite number of components} 
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is dense in U (2 \ the latter equality holds on U' E 2 ). 

For every element to = ((<+ > a 2 > • • • > 0), (&i > b 2 > • • • >0)) E dj^y, it is 
possible to find U E such that lujj = u, thus the map 

(d M z —)■ d M y 

P • \ U SA uu 

is surjective. □ 


9.3. Asymptotic of X n under the Plancherel measure. The purpose of this 
subsection is to explore further the behavior of <7(0,0). <7(0,0) is called the Plancherel 
measure on Z since it is the only element of 8mZ that yields the Plancherel measure 
on y through the map p of the last paragraph. 

In order to describe the descent set of a permutation a E & n+ i we introduce the 
following notations. Let f a be the piecewise linear function such that f a ( 0) = 0, 
and 


fa(i) - f(i ~ 1) 


J —1 if i is a descent of a 
|+1 othewise 


To describe the asymptotic value of f a for a following the probability measure P(u^,up) 
m ,E) e M (2) ), we define also the following function f(u f ,u±) : it is the unique 
function such that 

( /(I/ t ,C7+(0) = 0 

I /(E t +r)W = 1 

I f(u t , c/jW = — 1 if t E 

U(W*) = 0 

The map (U^, Uf) f(u v u±) is continuous from U (2 i to C([0,1], M), and the following 
result holds : 


Proposition 11. Let U EUThen 

(t ^ -fcru(n)(nt)) -+ p . s ,||.|| 00 

The proof is a deduction from Theorem [H since U(ajj{ n )) ~^u( 2 ) U. 

The next step is to get the fluctuations of f au . Only the case U = (0, 0) is done here. 
The result consists mainly in a mathematical formalization of the results obtained 
by Oshanin and Voituriez from a physical point of view in [T6]. The reader should 
refer to the latter paper for interesting additional informations on the process / CT0 0 . 


Theorem 5. For cr n being uniformly sampled among & n , 


(t i —y 


1 n fa n (nt)) ->■ -J=B, 


B denoting the Brownian motion on [0,1]. 
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Proof. Recall from Section 4 that <J n can be sampled from a family of independent 
uniform random variables (xj)j>i on [0,1] by applying the map std~ l on the sequence 
(xi)i<i< n . Since a ha <x _ 1 is a measure preserving map (uniquely for the uniform 
measure), f an f a - 1 . The property noticed by Oshanin and Voituriez is that 
{{f a -1 , x n )) n >i is a Markov chain : indeed i is a descent of a~ l if and only if Xi > Xi+\. 
Therefore, Des{a~f r f) fl {1,..., n — 1} = Des(a~ 1 ), and n e Des(a~\f) if and only if 
x n > x n+ \. In the sequel / CT -i(i) is denoted by Y t (the subscript n is dropped, since 
this depends only on (cr n )|j). 

This yields that for R = [ry r'i + r 2 ] and S = [sp Si + s 2 ], with si > rq + r 2 + 2, 
n > Si + s 2 , we have 


(#Des(cr n ) n R, #Des(a n ) n S)) ~ X x ® X 2 , 

with Xj ~ ffDes(o r2+ i) and X" 2 ~ ffDes(o S2+ 1 ). Moreover the number of permuta¬ 
tions of n with k descents is given by the Eulerian number A 7 f, and its asymptotic 
value (see [T8] ) gives: 


Lemme 6. For n going to infinity, and a n uniform on & n , 

1 Tl 

-={#Des --) —t law JV (0,1/12). 
yjn 2 

The latter Lemma together with the strong Markov property shows that if we write 
fa n (t ) = fa n ( n t ), the marginal distributions of f an converge towards the ones of 
An adequate bound for \\f a J| is needed to be able to conclude by stantard 
tightness arguments. We follow the Theorem 8.4 of the book [2] of Billingsley : 


Theorem 6. Let {Yi)i >o be a real random process. Let f n : [0,1] —> M define the 
linear interpolation between the points 




Suppose that for all e > 0, there exists X > 0, n 0 > 0 such that for all k G N, n > n 0 , 

P(max | Yk+i — Yk\ > Xa^/n) < e/X 2 . 


Then the sequence f n is tight. 


The hypothesis of the Theorem is verified through the following Lemma, that 
mimicks the situation coming from a usual random walk. 


Lemme 7. Let S n = sup[ 0 n ] Y n , a > 0 and b < a — 2. Then 

P( S n > a, Y n < b) < P (Y n > 2a - b - 2), 
and F Sn (t) > F\ Yn \(t) for all t e R. 
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Proof. In the Markov chain (Y n ,x n ), T = inf(n e = a) is a stopping time. 

Since {S n > a} = {T < n}, {S n > a} G Tt and by the strong Markov property, 

P (S n > a, Y n < b ) =P((T < n) D (Y n — Y T < b — a)) 

=E(l r < n P(y T)3 . T )(l > n _ T — Y 0 <b — a)) 

<E(l T < n P (yT;;CT )(y n - T — Y\ < b — a + 1)). 

Since Y n _r — Yi is independent of the value Yq = Yp, 

E(lT<nP (y t ,xt)(Y n—T — Yi < b — a + 1)) = E(lT<nP(o,x T ) (Y n -T — Y\ < b — a + 1)). 
Moreover — Y ~ — (Y n -T — Pi), thus 

P (S n > a, Y n < b) <E(l T < n P (0)XT) (-(y n _ T - Yi) < b - a + 1)) 

=E(lj , < n P(o )a ; T ) {Y n —p > a — (6 + 1) + Yi)) 
<E(l T < n P( 0) a; T )(ln_T > a — (b + 1) — 1)) 

<P((T < n) n (Y n > 2a - b - 2)) < P(Y n > 2o - b - 2), 


the last equality being due to the fact that (Y n > 2a — 6 — 2) C [T < n). This yields 
P (S n > a) <P((,S n > a) n (Y n < a - 2)) + P ((S n > a) D (Y n > a)) 

<P(Y„ > a) + P(Y n > a) < P(|Y„| > a), 

the last equality being due to the fact that the law of Y n is symmetric. This yields 

F Sn (u) > F\ Yn[ (u). 

□ 


In particular from the latter Lemma, for e > 0 and A such that P(A/’(0,1/3) > 
F) E 2 X 2 , and for n large enough, k > 0, 

P(max \Y k+i -Y k | > Xy/n) <P(|Y fc+r) , - Y k \ > A y/n) 

i<n 


<P(A/”(0,1/3) > A) + 


2A 2 


< 


: A 2 ’ 

And this concludes the proof of the proposition. 


□ 
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Appendix: convergence result for the Paintbox construction 

This appendix is dedicated to the proof of Propositional Some notations and two 
preliminary results are first given. 


9.4. Cluster sets. Let k > 1 and A a given set. We define an A—cluster of k as 
a map / : A —» P([l; k]) such that f(a\) D /(a 2 ) = 0 for cq ^ ct 2 - The residue of 
/ is the set Rf = [1; k\ \ (J / (a) and the support of / is the set Sf of a E A such 
that /(a) 0. The degree of / is the minimum of the cardinals of non-empty sets 

/(a).The set of A—clusters (resp. A—clusters of degree larger than s) is denoted 
C k (A ) (resp C k (A)). For 1 < s < k, the s— level of the A—cluster /, denoted f s , is 
the A—cluster of C k (A) defined by : 


f» 


17(a) if|/(a)|>s 

\ 0 else 


Let x — (xi,..., Xf.) be a sequence on a space (0 fc , A® k ). Then any set J and any 
collection of disjoint subsets A = (Aj)j £ j of hi yields a J—cluster map of k 

fx,AU) = iAi e A'}- 

For U E denote by U = {U a } a ^Au the collection of interval components of 

t/| U U±. We say that a E A^ (resp. Aff) if C ( res P- U a C U±). 


Lemme 8. Let U = (U^, U^) G . For a G ©& and f G C k (Au) define the sets 

x °,f( u ) = {x E [0, l]*j std^ix) = a} n {{fa,u) 2 = /}• 

Then the sets X a j(U) are disjoint open sets and au is constant on each of these 
sets. In particular if = (AC(*))i<»<*: is a random variable with density on [0, l] k , 
au(X X/c) is ((A measurable. 


Proof. Let us write simply X a j instead of X a j(U). Suppose that AA G X^/fl X a > j/. 
Then std~ l {Xjf) = a = a'. Moreover / = (fx k ,u ) 2 = f and X a j = X a 'j>. The 
events AA,/ are thus disjoint for distinct pairs (a, /). They are open from their 
definition and the fact that U^, U± are open sets. 

Each r G ©fc is entirely defined by the set S T = < j, r~ l (i) < T _1 (j)}. Let 

a G ©fc. Then from the Paintbox construction, 0 ‘^ 1 ({r}) D {AA|std _1 (AA) = cr} is 
precisely the set of X& such that by writing / = fx k ,u'- 

• (i,j) G S a n S T =>■ Va G Afj, {i,j} (jL /(a), 

• (i,j) G S a \S T =► 3a G A~,{i,j} c /(a), 

• (i,j) E S T \ S a => 3a E Aj}, {i,j} c /(a), 

• (i, j) ^S„U5 T =^VaG A£, {i, j} ^ /(a). 

Define by D(a,r) the set of A (U)— clusters that respect the above four conditions. 
Thus 

^(M) n {X k \std~\X k ) =a}= U X aJ . 

f&D(a,r) 
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Since X*, admits a density function, [0, l] fc \ [j{Xk\std 1 (A"/ C ) = a} is a null-set and 
thus : 

M) = IJ U A t/’ 

a /S-D(o-,r) 

which proves the Lemma. □ 

9.5. Convergence in law with conditioning. The pattern of the proof of Propo¬ 
sition [3] implies the following question: suppose that A, B are metric spaces, consid¬ 
ered as measure spaces with a given measure on each associated borelian a—algebra. 
Let f n : A — y B be a sequence of measurable functions that converges pointwise al¬ 
most surely to a continuous function / : A —y B. Let (X n ) n >i be a sequence of 
random variables on A that converges in law to a random variable A". Do we have 
the convergence in law / n ( X n ) — y f(X) ? The answer is negative in general, but in 
a very particular case the result holds. 

Lemme 9. Let (X m ) m >i be a family of measurable spaces of A with the following 
conditions : 

• lim P(X G X m ) = 1. 

m—>-oo 

• Vm > 1,P(A G dX m ) = 0. 

• For all m > 1, f n \ Xm -»■ f\ Xm uniformly. 

Then f n (X n ) converges in law to /(A). 

Proof. Let g : B —y R be a 1—Lipschitz function bounded by 1. It suffices to show 
that E (g o f n (X n )) — E (g o f(X)) — y 0. For each m > 1, the difference can be 
bounded by 

\E(gof n (X n ))-E(gof(X))\< 

|E(0 o f n (X n )) - E(g o f n (X n )\X m )\ + |E(p o /„(. X n )\X m ) - E (g o /( X n )\X m )\ 

+ |E (g o /( X n )\X m ) - E (g o /( X)\X m )\ + \E(g o /( X)\X m ) - E(p o /( A))|. 

Let m be such that P(X G X m ) > 1 — e. Since P(X G dX m ) = 0, by the convergence 
in law there exists no such that for n > no, P(X n G X m ) > 1 — 2e. For n > no, 

Hg o f n (X n )) = P(X n G X m )E(g O f n (X n )\X m ) + P(X n 0 X m )E(g o f n (X n )\X£). 
Since g is bounded by 1 and P(X n ^ X m ) < 2e, 

|E(p o f n (X n )) - E(g o f n (X n )\X m )\ <2e + |1 - P(X n G X m )\ 

<4e. 

For the same reasons, 

\E(gof(X)\X m )-E(gof(X))\ < 2e. 

Let ni > 7i 0 such that for n > ni, ||/ n |* m — f\x m \\ < e - Since g is 1—Lipschitz, for 
n > ni, 

|E(p o / n (X n )|X m ) - E(p o /(X n )|X m )| < e. 
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Since P(A G dX m ) = 0, (X n \X m ) converges in law to (X\X m ) and thus there exists 
n 2 > n i such that for n > n 2 , 

\E(g o f(X n )\X m ) - E(g o /(A) \X m )\ < e. 

Therefore for n > n 2 , 

\E(gof n (X n ))-E(gof(X))\<5e, 

which implies the Lemma. □ 

9.6. Proof of Proposisition [3l Let us recall here the statement of Proposition [3j 

Proposition. Let U n be a sequence ofU^ and ((X n (i)) i > 1 ) n > 1 a sequence of random 
infinite vectors on [0,1]. Let (A°(l),..., X°(n),...) be a random infinite vector on 
[0,1]. Suppose that each finite dimensional marginal law of any of these random vec¬ 
tors admits a density with respect to the Lebesgue measure. IfU n ^U G U^ and for 
each k > 1, X% = (A n (l),..., X n (k )) converges in law to X° = (X°(l ),..., X°(k)), 
then for each k > 1, 

°U n ) >law au(X°). 

Proof. Let k > 1 and set X = A°, X n = Xf . 

Let A = (J o-gej, Xf t<T (refer to Lemma [8] for the definition of X i/ jCr ) with the 
fecZ(Au) 

induced topology from [0, l] fc , and B = with the discrete topology. Then from 
Lemma El cry : A —> B is constant on each connected component Xf a of A, thus cry 
is continuous. 

By the definition of the convergence on U {2 \ for X = (Ad,..., Ad) G A, ouSX) 
converges to cry (A). 

Since [0, l] fc \ A is of Lebesgue measure 0, we can suppose that X n , X are random 
variables on A. It remains to build a sequence of measurable sets X m that respects 
the hypothesis of Lemma O 

Let m > 1. For i] > 0, define A }) = Ui<i,j<fc{( x i> ■ ■ ■ , x k ) e [0, l] fc , | x t - xfi < g}. 
Then d [0 ^kA v c Ui<ij<fc{0D; • • •, x k) e [0, l] fc , \x t - xfi = g}. Since the latter 
is of Lebesgue measure 0, P(A G c?r 0i i]fcA,,) = 0. Since A, ; is decreasing in g and 
Leb(f] A v ) = 0, there exists g™ > 0 such that P(A G A^m) < A. 

Denote by U = {U a —]r a , s Q [} ae ^ the finite ordered collection of interval components 
of Ui U t/| of size larger than g™. A is a subset of A(U). For g > 0, let 

B t] = [J{(x 1 ,..., x k ) G [0, l] k , Xi e}r a - g, r Q + rj[U }s a - g,s a + v[}- 

i,a 

Once again Leb(d[ 01 ]kB v ) = 0), and since Leb(f\ B v ) = 0, there exists gff such 
that P(A G B v m ) < A. Let K m = B v ™ U A^m, X m be the set {x fL K}. Then 
P(A G dX m ) = 0 and lim P(A G X m ) = 1. 

m—>+oo 

Let X m be fixed, with associated complementary set K m = B v ™ U • Set g m = 
mf(g™, g™), and let n m be such that for n > n 0 , d U ( 2 )(U n ,U) < g m . Suppose from 
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now on that n > n m . Since d U ( 2 )(U n , U ) < rj m < 77 ™' the interval components of U™ 
(resp. U?) of size larger than rfjj 1 are in order respecting bijection with those of 
(resp. f/j-). Denote these interval components of U n by U n = {Ujj =] r a) s a[}ae/) 
with M C A(U n ) . Moreover since cl U ( 2 )(U n ,U) < rj m < r)™, \r™ — r a \ < rfjjj and 

ra ^ '12 * 

Since on X m , \xi~Xj\ > rj i, if / G ^(^(f/)) and S'(Z) (jL A, then X a j(U)C\X m = 0. 
Thus we can consider that / G C\ (M). The same is true for / G C|('-A([/ n )), S'(/) (jL 
A with (X aJ (U n ) n A) n x m . 

Let / G C%(A) and suppose that x G X a j(U) D X m . Let a G Sf and suppose that 
Xi G U a =]r a ,s Q [; since x G X m , Xi e]r a + ri™,s a — But |r™ — r a \ < rj™ and 
|Sq — s a | < r)™, thus Xi G U™. Conversely is a G Sf and ay G U™, for the same 
reasons Xi G U a . This shows that X a j(U) D X m = X a j(U n ) fl X m . This yields that 
cru\x aJ (u) = vun\x aj (u n )- Finally we have proven that for n > n m , o Un \x m = au\x m , 
which implies obviously the uniform convergence au n \x m —> n ^oo &u\x m - 
The application of Lemma [9] concludes the proposition. □ 


